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Properties For an Integral Operator on the Class
of Close-to-Convex Functions

Nicoleta Ularu?

@"Joan Slavici” University of Timisoara, Aurel Podeanu Str., No. 144, Timisoara, Romania

Abstract. The purpose of this paper is to prove that the functions generated by the integral operator

Zn .
I(f, 9)(z) = f ]‘{ (%)% dt are in the class of close-to-convex functions, considering the analytical functions
0 i=

fi and g; from the classes of starlike and close-to-starlike functions.

1. Introduction and Definitions

Let U = {z : |z| < 1} be the open unit disk. By A we denote the class of all analytical functions in the
open unit disk U and by S the class of univalent functions that contains all functions of the form:

fz)=z+ i a,z" (1)
n=2

which are analytic in U and satisfy the condition:

fO) = O -1=0.

To prove our main results we will recall here some known results about some subclasses of analytical
functions. First we will recall the classes of starlike and convex functins of order a denoted by S*(«a) and
K(a) and defined by:

S(a)={feA: Re{Z]{;S)} >a,z € U)

K(a) = {feﬂ:Re{lJr ZJ{:;S)} >a,z € U)

for0<a<l.

Alexander studied for the first time the class of starlike functions in [1] and the class of convex functions
was introduced in [9], by E. Study.
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A function f € A is in the class S*(a, A) if it satisfy the condition:
zf'(2)
f@)

We have thata > % and S5*(a, A) € 5*(a — A) c 5*(0) = S”. This class was introduced in [5] by Jakubowski.
The class K(a, A) contains all the functions f € A such that:

Zf”(Z)
‘1 M)

Also for this class, a > % and K(a, A) C K(a — A) € K(0) = K. The relations (2) and (3) are equivalently with

—al <A la-1<A<azel. (2)

—a| <A, |Ja-1<A<azeU. 3)

Re(ZJ{;S))>a—A, zeU,la—1<A<a,

respectively

Zf'/(Z)
f@)

The class of close-to-convex functions contains all the functions that satisfy the condition:

fRe (1 ZJ{( d@)

1

Re(1+ )>a—A,z€‘LI,|a—1|<ASa.

where 0 < 6; < 0, <27,z = re’ and r < 1 and is denoted by C..
This class was studied for certain analytic functions by Owa et al. in [6].
A function belongs to Cs, i.e. the class of close-to-starlike functions iff:

2f(z

Rf()

do > —m,

01

where 0< 6, <0, <2m,z=reé? and r < 1.

Shukla and Kumar introduced in [7] some subclasses of C. and Cs- and proved some important results for
these.

The class C.(B, p) of close-to-convex functions of order  and type p contains all the functions that for a
function g € S*(p) satisfies the inequality:

2f'(2)
o)<
9()
A function f is in the class of close-to-starlike functions of order p and type p, denoted by Cs (B, p) if for
some function g € 5'(p) we have the following inequality:

)
for g € [0,1].

Is very clear that C.(0, p) = K(p) and Cs (0, p) = S*(p).
We consider the results proved by Shukla and Kumar in [7] about these two subclasses defined before.

,z€U,Be]0,1].

<—,z€U,
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Lemma 1.1. [7] Iff € 5*(p), then

p(62 — 61) < 9 jJ:(()) 01),
where z = re’® and 0 < 6, < 6, < 2.
Lemma 1.2. [7]If f € Cs(B, p) then
=B+ p(62 — 61) < f }( ()) —p) +p(02 - 61),

01

where z = e’ and 0 < 6, < 6, < 2m.

For the analytical functions f;, g; and the positive real numbers y;, for i = 1,1, we consider the integral
operator:

I(£,9)@) = f H(g’l(i))y @

that was introduced by Ularu and Breaz in [10]. Integral operators make the subject of several articles, the
authors studying some properties for them, for example the univalence (see for example [2], [8], [4], [11]
and [3])

2. Main Results
Theorem 2.1. Let the analytical functions f; from the class S*(1;), gi from the class S*(6;), and the positive real

- n
numbers y;, fori =1,n. If Y yi < 1, then I(f, g) is in the class of close-to-convex functions C.
i=1

Proof. From the definitions of I(f, g) given in (4) by logarithmic differentions we obtain that

zZI”(f, 9)(z) Z": '(Zf/(Z) _ Z!]Q(Z))
I'(f,pk fie) g )

fori=1,nand z € U.
Using the definition of close-to-convex functions results:

0, 6,
06 1 e[ (£ - 29,
JRQ(H 77 9@ )% JRQ Z CE )

1 1

0, , 6,
- [ Lo f - [ $me(Z)an- [
o = Z

61 1

We use the hypothesis that f; € 5*(1;) and g; € 5*(0;) and according to Lemma 1.1 it follows that:

0,
2I"(f, 9)(2) z z
f Re (1 . W)d@ > ;m@ o) - Zf yi5:(62 — B1) + (62— 61)

> [Z il = 87) + 1] (62~ 61),
i=1

1
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—_— n
forz € U and i = 1,n. Because Z yi(ni = 6;) +1 > 0, and minimun is for 0; = 0,, results that

=1
‘ zI" (f, 9)(
g)(z
fRe(1+ ¢ 9 )>

61
So, from the above inequality we obtain that I(f,g) € C.. O

If we considerny =, =---=1n, =nand 6; =0, =--- = 0, = 6 in Theorem 2.1 it follows:

Corollary 2.2. Let f;, g;i € A and the positive real numbers y;, fori = 1,n. If fi € S*(n1),gi € S*(0) and Y, y; <1,
i=1

then I(f, g) is in the class of close-to-convex functions C..

Theorem 2.3. Let the analytical function f; € Cs, g; € S*(0;) and y; positive real numbers, fori = 1,n. If }, y;i <1,
i=1
then the functions generated by the operator I(f, g) are in the class C..

Proof. The proof follows the same idea as the proof of Theorem 2.1. Results that

* z z z2f'(z *
efRe(“ f«ﬁff&i) )de fZR (Jg(i)))de fz (gl( )) efde’

1 1

forallze U andi=1,n.
We use that f; € Cs, gi € 5*(0;) and from Lemma 1.1 and Lemma 1.2 it follows that:

6>
zl"(f, 9)(z) ' -
fRe (1 + W)de > —n;)/i - ;%51(92 - 91) + (92 - 91)

-7 i Vi— (9291)(271: oiyi+ 1),
i-1 i=1

forallze U andi=1,n.

n
Because 1 — ), y;6; > 0, minimum is for 6; = 6; we obtain that I(f,g) e C.. O
i=1

Theorem 2.4. Let the analltzcal functions f;, g; and the positive real numbers y;, foralli = 1,n. If f; € Cs(Bi, pi), 9i €
Cs(ai, ni) and Z yipi <1, Z yia; < 1, then the integral operator I(f, g) is in the class C..

Proof. We follow the same steps as in the proofs of the above theorems, but we use that the functions f; are
from the class Cs(B;, p;) and the functions g; are from Cs(a;, 17;). Using these and applying Lemma 1.2 it
follows that:

0, .
fRe (1 + w)d@ > Z Yil(=Bimt + pi(O2 — 01)) — (—aimt + 1;(02 — 01))] + (02 — 01)

I'(f,9)(2) —
- Z Yipim + Z Vit
i=1 i=1

01

> (0, 01)| ) yilpi =) +1
i=1
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Since ), vi(pi — ;) + 1 > 0, minimum is for 6; = 6, and results
i=1

62
20 (f, g)(z)) )
fRe (1 + .9 de > —m.

01
We obtain that I(f,g) € C.. O
If we consider p1 = =--- =B, =pand a1 = a = --- = a, = ar in Theorem 2.4 we obtain:

Corollary 2.5. Let the analztzcalfunctzons i, gi and the positive real numbers y;, forall i = 1,n. If f; € C+ (B, pi), 9i €
Cs(a,n;)and B Z yi <1, respectivelly o Z yi < 1, then the integral operator I(f, g) is in the class C..

Remark 2.6. If we consider p; = 0 and o; = 0, for i = 1,1 in Theorem 2.4 we obtain the results from Theorem 2.1.

Theorem 2.7. Let f; € S*(ay, Bi), for lai — 1| < Bi < aj and g; € S* (&, mp), for 1& = 1] < i < &, yi > 0 for all
i=1,nand z € U. Then the functions generated by the integral operator I(f, g) are in the class K(a;, b;), where

ai =1+ Y yilai— B, b = T yil&— ) and X yil& - — o+ ) < 1, foralli =T, and z € U,
i=1 i=1 i=1
Proof. Using that f; € S*(a;, i) and g; € S*(&;, 1;) results:
zI” (f, 9)(z) - zf!(2) ng(Z)
e[+ T ) =R [1 L (Fo 56 )]
(O e (2
- ;”Re( @ )_;”Re( @)

>1+ i vilai = Bi) — Zn: yi(&i = 1i)-
i=1 i=1

From the above inequalitie and the definition of K(a;, b;) we obtain that I(f, g)(z) € K(a;, b;), where a; and b;
are defined as in the theorem hypothesis. [

Forai=ap=---=a,=aand & =& =--- = &, = £ in Theorem 2.7 we obtain:

Corollary 2.8. Let f; € S*(a,Bi), for la—1| < Bi < aand g; € S(&,my), for [E=1] < ;s < &, yi > 0 for all
i=1n and z € U. Then the functions genemted by the integral operator I(f, g) are in the class K(a;, b;), where

ﬂz—1+27/z(0¢ 5)5—27(5 n,)andZ%(é ni—a+Bi) Slforallz—lnandze'u

If in Theorem 2.7 we consider y1 =y, = -+ = y, = y, then we obtain

Corollary 2.9. Let f; € S*(ay, Bi), for lai — 1] < Bi < aj and g; € S*(&;,m), for 1&i =1 < i < &, ¥ > 0 for all
i=1,nand z € U. Then the functions generated by the integral operator I(f, g) are in the class K(a;, b;), where

a =1 +7/i(ai—ﬁ,-),bi :yi(éi—m)andyi(éi—m—ai+ﬁi) < 1,f0ralli:1,_nandz€7/l.
i=1 i=1 i=1

Theorem 2.10. Let ﬁ € S*(a) and g; € S*(By), for all i = 1,n. Then the integral operator I(f, g) € K(a;, b;), where
a=1+ Xy,al, i Zyﬁ,andZyi(ﬁl—a)<1 forallz—l nandz € U.
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Proof. The proof is similar to Theorem 2.7. [J

If we consider &y =a, =---=a, =aand 1 = f2 = -+ = p, = f in Theorem 2.10 results:

Corollary 2.11. Let f; € S*(e) and g; € S*(B), for all i = 1,n. Then the integral operator I(f, ) € K(a;, b;), where
ai=1+aY y,bi=pY yiand (B—a) Y. yi <1, foralli=1,nandz e U.
i=1 i=1 i=1
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